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1. INTRODUCTION

Number theory, called the Queen of Mathematics, is a broad
and diverse part of Mathematics that developed from the study
of the integers. The foundations for Number theory as a
discipline were laid by the Greek mathematician Pythagoras
and his disciples (known as Pythagoreans). One of the oldest
branches of mathematics itself, is the Diophantine equations
since its origins can be found in texts of the ancient
Babylonians, Chinese, Egyptians, Greeks and so on[1-5,7].
Diophantine problems were first introduced by Diophantus of
Alexandria who studied this topic in the third century AD and
he was one of the first Mathematicians to introduce symbolism
to Algebra. The theory of Diophantine equations is a treasure
house in which the search for many hidden relation and
properties among numbers form a treasure hunt. In fact,
Diophantine problems dominated most of the celebrated
unsolved mathematical problems. Certain Diophantine
problems come from physical problems or from immediate
Mathematical generalizations and others come from geometry
in a variety of ways. Certain Diophantine problems are neither
trivial nor difficult to analyze [6,8,9].

This paper concerns with the problem of obtaining harmonic
progression in rational numbers by employing the ternary

quadratic equation z? = Dx? +y?. Some numerical examples
are also presented.

2. METHOD OF ANALYSIS

The ternary quadratic equation under consideration is
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2% = Dx% + y2, D > 0 and square free 1)

We illustrate below the process of obtaining triples in
Harmonic progression with its elements in rationals by

employing (1).

Triple: |
2 _ .2 2
(1) is written as Dx* =z" -y
N 1 1
DX2 72 _y?

By writing the R.H.S of the above equation is partial
fractions, we have

1 1 1 1
- —
Dx2 2z\z+y z-y

o [zj [ DxJ ( DXJ
which is writtenas 2| — | = +
X Z+Yy z—y

The above relation implies that the tripe

Dx )}z ( Dx . _
Yy Ty represents an Arithmetic
Z+y)x\z-y

Progression.

Therefore, by definition, the triple

Z+y\ X (z-y . .
— |, —y| —— represents Harmonic progression
Dx )z Dx

in rationals
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Note that X,y,z in the above triple represent the solutions of
the ternary quadratic equation (1). A few examples are given
below in table 1.

Table 1: Examples

(X Y,2) Triple in H.P

(2rs, ro2rs s

DFZ—SZ, S,Dr2+52’Dr

Dr? +52)

(2rs, [L 2rs E]
r?-Ds?, | \Ds'r24ps?'r

2+ DSZ)

) Dx?
Remark:10bserve that the triple (Z+Y,——,Z-Y)also
Z

represents Harmonic progression

Triple:1l

2 Dx2+y2 22 Dx2+y2
From (1), we have — = — =
X

X y y

Adding the above two equations and multiplying by 2, we have

S
X y Xy

272 (x+y)(Dx2+y2) ZZZJ

X Xy y

forms an Arithmetic progression.

Itis seen that the triple (

: X Xy y
Thus the triple > > 5 2 forms
2z2° (x+y)(Dx“+y“) 2z
Harmonic progression.
A few example are given below in Table 2:

Table 2: Examples
Triple in H.P

(X Y.2)
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(2rs, rs
Dr2 —82, m,
Dr? +52) 2rs(Dr2 _52) .
(Dr2 +2rs—52)
1
(D4r252 +(Dr2 —52)2)
Dr? —s?
2(Dr2 +32)2
(2rs, rs
2052, | | 1210502
r? +Ds?) 2rs(r? - Ds?)
(r2 +2rs—D52)
. :
4Dr%s? + (r2 - Dsz)z)
r? - Ds?
2(r2 + Dsz)2
Remark 2: It is worth to mention that the following

triples given by

b X 2%y v
22’(x+y)(Dx2+y2)’z2
| X 2Xyz y
i) —, =
(Z (x+y)(DX? +y?) ZJ
2

iii)[x(x T L L V)J

(Dx2+y )

vy XEY) oz y(X+y)
21 ’(DX2+y2), 21

xyz2  y(x+y)
(D +y?) 2

V)( X(X 2+ y)
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also represent Harmonic progression respectively.

Remark 3: Replacing D by 1 in the above procedure results
presented in [10] are obtained.

3. CONCLUSION

In this paper, Harmonic progressions in rationals are obtained
after performing some algebra in the ternary quadratic

Diophantine equation z? = Dx? +y?. To conclude, one may

attempt to construct progressions through other choices of
ternary quadratic Diophantine equations.
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